
46 2. Matching, Covering and Packing

subgraphs in H. If s can be bounded by a function of k, i.e. independently
of G, we say that H has the Erdős-Pósa property. (Thus, formally, H has
this property if there exists an N!N function k 7! f(k) such that, for
every k and G, either G contains k disjoint subgraphs each isomorphic
to a graph in H, or there is a set U ✓ V (G) of at most f(k) vertices
such that G�U has no subgraph in H.)

Our aim in this section is to prove the theorem of Erdős and Pósa
that the class of all cycles has this property: we shall find a function f
(about 4k log k) such that every graph contains either k disjoint cycles
or a set of at most f(k) vertices covering all its cycles.

We begin by proving a stronger assertion for cubic graphs. For
k 2 N, put

sk :=
⇢

4krk if k > 2
1 if k 6 1 where rk := log k + log log k +4 .

Lemma 2.3.1. Let k 2 N, and let H be a cubic multigraph. If |H| > sk,
then H contains k disjoint cycles.

Proof. We apply induction on k. For k 6 1 the assertion is trivial, so let
k > 2 be given for the induction step. Let C be a shortest cycle in H.

We first show that H �C contains a subdivision of a cubic multi-
graph H 0 with |H 0| > |H|�2|C|. Let m be the number of edges between
C and H�C. Since H is cubic and d(C) = 2, we have m 6 |C|. We now
consider bipartitions {V1, V2} of V (H), beginning with V1 := V (C) and
allowing V2 = ;. If H[V2] has a vertex of degree at most 1 we move this
vertex to V1, obtaining a new partition {V1, V2} crossed by fewer edges.
Suppose we can perform a sequence of n such moves, but no more. (Our
assumptions imply n 6 2, but we do not formally need this.) Then n 6 3
the resulting partition {V1, V2} is crossed by at most m�n edges. And
H[V2] has at most m�n vertices of degree less than 3, because each of
these is incident with a cut edge. These vertices have degree exactly 2
in H[V2], since we could not move them to V1. Let H 0 be the cubic
multigraph obtained from H[V2] by suppressing these vertices. Then

|H 0| > |H| � |C| �n� (m�n) > |H| � 2|C| ,

as desired.
To complete the proof, it su�ces to show that |H 0| > sk�1. Since

|C| 6 2 log |H| by Corollary 1.3.5 (or by |H| > sk, if |C| = g(H) 6 2),
and |H| > sk > 6, we have

|H 0| > |H| � 2|C| > |H| � 4 log |H| > sk� 4 log sk .

(In the last inequality we use that the function x 7! x�4 log x increases
for x > 6.)
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2.4 Tree-packing and arboricity 49

For a proof of the non-trivial direction of Theorem 2.4.1, let a multi-
graph G = (V,E) and k 2 N be given. Our approach will be as follows.
Since we do not know yet whether the desired trees exist, we start with
a family of k edge-disjoint spanning forests. These certainly exist; let
F1, . . . , Fk be a choice whose total set of edges, E(F1[ . . .[Fk), is maxi-
mal. Next, we look for a set U of at least two vertices that is connected in
every Fi. If U = V , then our forests Fi are in fact trees and we are done.
If U $ V , we contract U and apply induction to the multigraph G/U .
The resulting k spanning trees of G/U can then be turned into spanning
trees of G by inserting the trees Fi[U ].

How shall we construct such a set U? For reasons that will become
clear later, we shall start by finding a set U0 = {x⇤, y⇤} of two vertices
that are adjacent in G but not in any Fi. We want its vertices to be
linked in Fi[U ] for every i, but they are not linked in Fi[U0]. So we
have to add some paths: let H1 be the union of the paths x⇤Fiy⇤, one
for each i, and U1 := V (H1). (We shall have to show that these paths
exist.) Now x⇤ and y⇤ are linked in Fi[U1] for every i. But we have many
new pairs of vertices, and these may not yet be linked in every Fi[U1].
To link these vertices too, we add some more paths—and so on. As our
graph G is finite, this process will eventually stabilize: with a set Un of
vertices that is connected in every Fi.

Lemma 2.4.3. For every edge e⇤ = x⇤y⇤ in E r E(F1 [ . . .[Fk) there
exists a set U ✓ V that is connected in Fi[U ] for every i = 1, . . . , k and
contains both x⇤ and y⇤.

Proof. Consider the (unique) maximal sequence ; = P0 ✓ P1 ✓ . . . ✓ Pn

of sets of paths such that P` rP`�1 6= ; and

P` = P`�1 [
[

{xFiy | xy 2 E`�1; i = 1 . . . , k } (1)

for all ` > 1, where E0 := {e⇤} and E` := E
�S

P`

�
r

S
i<` Ei for all

` > 1. (We shall prove in a moment that those paths xFiy exist, i.e.
that x and y lie in the same component of Fi.) Thus for ` > 1, the
set E` consists of the edges ‘added in step n’ (induction on `). Every in step `
path P ✓ Fj added at that time will be emulated by walks added to the
other Fi in the next step, when we link the ends x, y of any edge of P
also in Fi by adding xFiy if necessary. We finally define Pn+1 by (1) for
` = n+1, but note that Pn+1 rPn = ; by the maximality of n.

For all 1 6 ` 6 n+1 write H` :=
S

P` and U` := V (H`). For every
P 2 Pn let `(P ) be the unique ` such that P 2 P` r P`�1. For every
e 2

Sn
`=0 E` let `(e) be the unique ` such that e 2 E`. For every 1 6 ` 6 n

and e 2 E` choose a path P (e) 2 P` containing e. For every 1 6 ` 6 n
and P 2 P` rP`�1 choose an edge e(P ) 2 E`�1 joining its ends. (Thus
if P = xFiy, then e(P ) is one of the—possibly several parallel—edges
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10.1 Su�cient conditions 295

By itself, the assumption of ↵(G) 6 k already guarantees a cycle of
length at least |G|/k (Ex. 14, Ch. 5). And combined with the assumption
of k-connectedness, it does indeed imply hamiltonicity:

Proposition 10.1.2. Every graph G with |G| > 3 and ↵(G) 6 (G)
has a Hamilton cycle.

Proof. Put (G) =: k, and let C be a longest cycle in G. Enumerate the
vertices of C cyclically, say as V (C) = { vi | i 2 Zn } with vivi+1 2 E(C)
for all i 2 Zn. If C is not a Hamilton cycle, pick a vertex u 2 G�C and
a u–C fan F = {Pi | i 2 I } in G, where I ✓ Zn and each Pi ends in vi.
Let F be chosen with maximum cardinality; then uvj /2 E(G) for any
j /2 I, and

|F| > min {k, |C|} (1)

by Menger’s theorem (3.3.4).

vi+1 Pi vi+1

Pj

vi

Pivj+1 vj

CC

u u

vi

F
Pi+1

Fig. 10.1.2. Two cycles longer than C

For every i 2 I, we have i+1 /2 I: otherwise, (C[Pi[Pi+1)�vivi+1

would be a cycle longer than C (Fig. 10.1.2, left). Thus |F| < |C|, and
hence |I| = |F| > k by (1). Furthermore, vi+1vj+1 /2 E(G) for all i, j 2 I,
as otherwise (C [Pi [Pj)+ vi+1vj+1� vivi+1� vjvj+1 would be a cycle
longer than C (Fig. 10.1.2, right). Hence { vi+1 | i 2 I }[{u} is a set of
k +1 or more independent vertices in G, contradicting ↵(G) 6 k. ⇤

Our next result uses the ideas from the proof of Proposition 10.1.2
to establish a local degree condition for hamiltonicity, considerably
strengthening Dirac’s theorem and several similar results proved later
in its wake:

Theorem 10.1.3. (Asratian & Khachatrian 1990)
A connected graph G of order at least 3 is hamiltonian if

> |N(u)[N(v)[N(w)|d(u)+ d(w) � |N({u, v, w})|

for every induced path uvw.
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A Infinite sets

This appendix gives a minimum-fuss summary of the set-theoretic no-
tions and facts, such as Zorn’s lemma and transfinite induction, that are
used in Chapter 8.

Let A,B be sets. If there exists a bijective map between A and B,
we write |A| = |B| and say that A and B have the same cardinality.
This is clearly an equivalence relation between sets, and we may think of
the cardinality |A| of A as the equivalence class containing A. We write
|A| 6 |B| if there exists an injective map A!B. This is clearly well-
defined, and it is a partial ordering: if there are injective maps A!B
and B!A, there is also a bijection A!B.1 For every set there exists
another that is bigger; for example, |A| < |B| when B is the power set
of A, the set of all its subsets.

The natural numbers are defined inductively as n := {0, . . . , n�1},
starting with 0 := ;. The usual expression of |A| = n can then be read
more formally as an abbreviation for |A| = |n|.

A set A is finite if there is a natural number n such that |A| = n;
otherwise it is infinite. A is countable if |A| 6 |N|, and countably infinite
if |A| = |N|. A bijection N!A is an enumeration of A. If A is infinite
then |N| 6 |A|. Thus, |N| is the smallest infinite cardinality; it is denoted
by @0. There is also a smallest uncountable cardinality, denoted by @1.
If |A| = |R| then A is uncountable, and we say that A has continuum
many elements. For example, there are continuum many infinite 0–1
sequences. (Whether |R| is equal to @1 or greater depends on the axioms
of set theory assumed; in our context, this question does not arise.) We
remark that if A is infinite and its elements are countable sets, then the
union of all these sets is no bigger than A itself: |

S
A| = |A|. |

S
A| 6 |A|

1 This is the Cantor-Bernstein theorem; a simple graph-theoretic proof is given
in Proposition 8.4.6.
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